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6.1 Motivation |7

®" In Chapter 4 we had special search structures for range
queries.

®" |n this Section will we focus on point queries.

" Input: A planar fessellation S, i.e. a partition of the plane
iInto polygonal regions

® Goal of apoint query is to determine for a given point g
the unique polygon P € §, that contains q.
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Example 506

®" Find for given geographic
coordinates the respective
country in a map.

® Such applications with
additional real-time
requirements are used in
GIS- or navigation-systems.

\_ Source: de Berg et alj
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6.2 Trapezoidal Maps |7

®" The search-structure is a so-called frapezoidal map.

® Insert for every vertex p of § a vertical line.

® This yields slabs of trapezoidal pieces,
" e, , unbounded trapezoids, and

® which can be sorted from top to bottom.
>>k "~
T~

» Thus, access is possible in O(logn).
L@~
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® If atessellation S contains n - 2
edges, a list sorted by x- *
coordinates contains 0(n)
slabs. /4

® Every slab can consist of 0(n)
trapezoids, requiring 0(n?) of l 1
memory.

" For most applications this is not
acceptable.

Y

n/4 slabs
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®" To reduce the memory consumption

® the tessellation is enclosed in a rectangle R containing all polygons
of S, thus bounding all unbound slabs, and

® the vertical lines through p € S go up and down only until they touch
another segment of S or R. I————————— _
® For simplicity we assume that all
vertices have different x-coordi-
nates, i.e., are in general position.
® Adjacent, collinear edges are called
of a polygon A.

® The resulting tessellation of S is
called a trapezoidal map T(S).

~

~

- ]
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Lemma 1 (local geometry of the cells of a trapezoidal map)
For a planar tessellation S in general position and its
trapezoidal map T'(S) every polygon 4 € T(S) has
® oneor two vertical sidesand(______ ____R ]
® exactly two non-vertical sides.

-
|
|

Proof :
|
|
|
|
|
|
|
|
|

1. First prove convexity of A.
® Because the segments of S do not intersect,

a vertex of 4 is either

a) an endpoint of a segment of S,
b) a point where a vertical segment starts or ends,
c) a vertex of R.

| I —

® Because of the vertical lines through the L )
vertices of S there are no inner angles larger than 7, so 4 is convex.
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2. Because of convexity, 4 has at most two vertical sides.

3. Assume 4 has more than two non-vertical sides.

a) Because of convexity, there must be two non-vertical sides, which
are adjacent and bound 4 either from above or from below.

b) Because non-vertical sides are parts of line segments, these two
sides meet in an endpoint/vertex of S.

Because of the vertical lines at vertices, the non-vertical sides
bounding from above or below cannot be adjacent in 4,
contradicting 1.

» Thus, 4 has exactly two non-vertical sides, an upper and a lower
non-vertical side.

4. Since A is bounded and convex, is has either two
(trapezoid) or one (triangle) vertical sides. ]
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" For A € T(S) denote by | bt —
® top(4) the upper and by

® bottom(4) the lower 4 \

non-vertical side.

bottom(A)
® The left/right side of 4 is either a
I. vertical side, determined by awertex, or I
ii. awertex, in case of a triangle. topS‘A) /
®" |In both cases there is a uniqu@’vertex 4

in S that determines this side. X

® This vertex is denoted by and bottom(A)\
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® There are five cases for a left side of A:

a)
a) leftp(4) is the left endpoint of top(4) top(4)
and bottom(4), bottom(4) | p)

b) leftp(4) is the left endpoint of top(4),

top(4)

bottom(A)

c) leftp(4) is the left endpoint of
bottom(4),

d) leftp(A) is the right endpoint of d)
another segment s, that lies left of 4, | ford)
e) leftp(4) is the lower left corner of R. !
—| bottom(4)
\
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Lemma 2 (combinatory of a trapezoidal map)

A trapezoidal map T (S) of a planar tessellation S with n
edges in general position has at most

" 6n + 4 vertices and

" 3n + 1 trapezoids.
Proof:

® Since every trapezoid 4 has a unique point leftp(4), counting yields:

For every left endpoint p of an edge e there are at most two trapezoids with
p = leftp(4), abutting at this edge e.

For every right endpoint g of an edge e there is at most one trapezoid with
q =leftp(4), due to general position.

There is the lower left point of R giving leftp(4) for one trapezoid.
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Local topology

" Two trapezoids are called adjacent, if they share a
common vertical edge.

® A trapezoid in general position has at most four neighbors,
two upper sharing top(4) and two lower sharing bottom(4).

)
S~
&
\
Al \.
— A Ag
AZ /.
A
o 3
44
L Vertices in general position. Vertices not in general position. )
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®" The data structure for a trapezoid A has pointers to
® the points leftp(4), rightp(4),
® the edges top(4), bottom(4),

® the four adjacent trapezoids.

® The geometry of 4 can be computed from this in constant
time.
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6.3 Search Data Structure |7

" The trapezoids will be the leaves of a search data
structure D, consisting of a directed acyclic graph.

®" The search data structure D is similar to a kd-tree (see
Section 4), because it has two different types of knots:
® x-knots, pointing to vertices of S and
® y-knots, pointing to edges of S.
® In contrast to kd-trees these knots can occur in arbitrary order.

» Itis possible that different knots point to the same trapezoid (see
example on the next page).

® As for binary trees, every inner knot has two outgoing
edges.
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T TR 6 @
S
| 1 q1 |
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Trapezoidal map. Search data structure D.
(. J

" A point query for a point g starts at the root and ends in a
leaf, corresponding to the trapezoid containing q.

® At an x-knot test, if g lies left  or right of the vertical line.

® Ata y-knottest, if g lies above or below the respective
line segment.
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® To construct D, insert the edges of S incrementally.

® To prevent D to degenerate to a linear list, the algorithm is
randomized:

® First compute a random permutation of edges s; € S and

® theninsert the edges in this order.

" Invariant: After the i-th step of the algorithm the
trapezoidal map T and the corresponding
search data structure D for the tessellation
Si:={s4, 55, ..., 5;} are completely initialized.
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6.3 Search Data Structure

Input: Set of non-crossing edges S.
Output: Trapezoidal map T(S) and a search data structure D

1: Compute bounding box of §, use it to initialize T and D;

2: Compute random permutation §q,..,S, of edges of §;

3:for (i:=1,..,n) do {

4: Compute all trapezoids 4y, ..,4; in T intersected by S;;

5: Update T : Remove 4,..,4; from T and insert new
trapezoids generated by s;;

6: Update D : Remove the leaves for 4,,..,4; from D and insert
new trapezoids as leaves: Link the new leaves to inner
knots by adding some new inner knots as described below;

71}

Line 4: Use T(S;) and subroutine FollowSegment on page 22.
Line 5: Operations on T, see page 23ff.
Line 6: Operations on D, see page 23ff.
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" The initial data structure T(S, = @) contains only one
trapezoid R.

® Consequently, D has initially only one leaf.
" To get from T(S;_;) to T(S;), all trapezoids 4, ..., 4, that
are intersected by s; must be replaced.
* A,,.., 4y are sorted from left to right.
® Starting at 4, the other trapezoids can be determined by adjacency:
" If rightp(4;) is below of s;, 4;, is the upper right neighbor of Aj.
" If rightp(4;) is above of s;, 4,1 is the lower right neighbor of 4,.

Computational Geometry
Prof. Dr. Georg Umlauf



6. Point Location
6.3 Search Data Structure |7

" To determine 4, do a point-query for the left endpoint p of s;.

® This is possible, because the search data structure is already

completely constructed for all edges of S;_1.

®* IfpisnotyetinT(S;_1), the query returns the relevant trapezoid 4.

" But: It is possible that p exists as endpoint of another
segment in T(S;_1) on an x- or a y-knot:

1. In the query, p lies on the vertical segment of the respective x-knot.

In this case the search is continued in the right sub-tree to find 4.
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6. Point Location

2. Analogously, the query point p lies on an edge s; € 5;_4
corresponding to a y-knot.

® This is only possible, if p is an endpoint of s; € 5;_;.

In this case the slope of segment s; with left endpoint is p must be
tested:

If the slope of s; is larger than
the slope of s;, continue the
search in the upper sub-tree to
find 4,.

Otherwise, continue in the
lower sub-tree to find 4.

Vs
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6.3 Search Data Structure

To determine all trapezoids, that must be removed use:

Input: Trapezoidal map T, search data structure D, new edge s;
Output: Trapezoids 4,...,4; intersected by s;

1: Determine the left p and right q endpoint of s;;
2: Search in D for p to determine A4;;

3: j = 0;

4: while (q is right of rightp(Aj)) do {

5: if (rightp(Aj) is above of s;) then {

6

7

8

: Aj;q := lower right neighbor of 4;;
: } else {
: Aj1q := upper right neighbor of 4;;
9: }
10: j++;
11: }

12: return A,..,4;;

Computational Geometry
Prof. Dr. Georg Umlauf




6. Point Location
6.3 Search Data Structure |7

® Now, T and D must be updated (1ines 5/6):
(TG T(S) )

" In the simplest case, s;
Is completely contained
in one trapezoid A.

» Only 4 needs to be
replaced.

» This yields

® two new x-knots for p;
and q;,

® anew y-knot for s;, and

® four new trapezoids. C D

\ ............................................ /
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" In general,
proceed as
follows:

® Use the rules
, b), c) on the
next page.

141 [4z2] [43] [44]
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If p; lies in the interior of 4,
insert an x-knot to D and
generate a new trapezoid left of p;. (Analog for g; in 4;).
b) For every intersected trapezoid Aj,j =0,..,k,
1. insert a new y-knot for s; to D and
2. split 4; into an upper and a lower trapezoid.

c) Where possible, merge new trapezoids by cutting off vertical lines.

" The pointers to the new trapezoids (leftp, rightp, top, bottom, all four
neighbors) need to be updated.

" All these operations can be done in 0 (k).
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Example: What are T and D in the following cases?

/ y
A
v AO A3 0 @
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6.4 Runtime

Proposition 3

1. Construction time: Algorithm 1 computes for a planar tessellation S
with n edges in general position a trapezoidal map T(S) and the
search data structure D in O(nlogn) expected time.

2. Memory: The expected memory used is of size 0(n).
3. Query time: A point-query is computed in 0O (logn) expected time.
Proof

m Correctness of this algorithm follows from the invariant of the loop over
the segments which are inserted.
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3. Query time: A point-query for an arbitrary point g in T (S;) can be
computed in expected time O (logi).

® At worst, the runtime is O(n), since the tree might degenerate to a list.

¢ But: What is the expected runtime?
» Itis the expected length of search paths in the search data structure.

® Let X; denote the number of knots, by which the length of the search path
for g grows by the insertion of s;.

® The expected length of the complete search path for q in T(S,,) is

E Zn:xi = zn:E(Xi) = Zn:xi .P(X; > 0).
=1 =1

i=1

® The length grows by at most three knots in every step, i.e., X; < 3.

» E(X;) < 3P;, where P; = P(X; > 0) is the probability for X; > 0, i.e.
® the probability for the search path to grow.
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® What is an upper bound for P;?
" For the search path to g to grow in the i-th step, the trapezoid 4, in
T(S;—1) containing g is changed by the insertion of s;.
®  This happens, if and only if s; determines a side of Aq, l.e.
®* s;=top(4,) ors; = boftom(4,), or
* 5; 3 leftp(4,) or s; 3 rightp(4,).

® Because the set S; has i edges and all are equally likely to be s;, each of
these four cases has a probability of at most 1/i and P; < 4/i.

® This yields

n n n 1
E le SZ3PLS122_=12HTU
1 i=1 izll

=
where Inn < H,, < Inn + 1 (harmonic sequence).
® Thus, the search for g is expected to take O(logn) time steps.
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2. Memory: Due to Lemma 2, T'(S;) has at most 3i + 1
trapezoids.

» Prove that the expected memory of D is also linear.

® It depends on the number of trapezoids and inner knots of D.

® Denote by k; the number of new trapezoids in step i.

® The number of new inner knots in step i is k; —1, see pages 23f.
® Inthe worst case k; = 0(i), yielding memory of 0 (n?).

® But: For the expected size we get

0(n) + E E(ki—l) =0(n)+ZE(ki).
=1 =1
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6.4 Runtime

®* To determine the expected value of k;, use for4 € T(S;) and s € S;
the auxiliary function

1, if A disappears from T(S;),when s is removed
0, otherwise

5(4,s) = {

® Because there are at most four segments (top, bottom, leftp, rightp)

v _C
How many
g?epz?fglcdtz g How many trapezoids are
i We re- ’ affected, if we remove every
Move $? edge once?
*—Averaging over all edges s € S;, yields the expected value

E(ki) = %z 2 5(A S) < # — 0(1).How many trapezoids are

affected, if we remove every
SES; A€T(Sy) edge once on average?
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®* To determine the expected value of k;, use for4 € T(S;) and s € S;
the auxiliary function

1, if A disappears from T(S;),when s is removed
0, otherwise

5(4,s) = {

® Because there are at most four segments (top, bottom, leftp, rightp)

v _C
How many
g?epz?fglcdtz g How many trapezoids are
i We re- ’ affected, if we remove every
Move $? edge once?
*—Averaging over all edges s € S;, yields the expected value

E(ki) = %z 2 5(A S) < # — 0(1).How many trapezoids are

affected, if we remove every
SES; A€T(Sy) edge once on average?
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® Because the expected number of inserted trapezoids and also the
expected number of new inner knots is constant for every step, the

expected total memory is O (n).

1. Construction time: Show that the construction takes
O(nlogn).

® The construction consists of the initialization and

® for each iteration a point query to find 4, and the insertion of k;
trapezoids and k; — 1 inner knots:

n

O(n)+0(1) + z (0(log i)+ O(E(kl-))) = O(nlogn).

1=1

® This proves Proposition 3. []
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Remark

®" The analysis of the runtime in Proposition 3 is based on the
randomness in Algorithm 1.

It does not depend on the randomness in the input.

Thus, there are no tessellations for which the run time is in
principle better than expected.
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6.5 Degenerate Cases

® Transformation of the vertices with a suitable shearing
yields always points in general position, € > 0:

()~ (75°)

Y 4 YV 4

1 14—
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6.5 Degenerate Cases

® Because many algorithms do not use absolute geometric
computations, but only relative positions, the shearing
can be done symbolically.

® In Algorithm 2 only two operations change due to the shearing ¢:

a) “Is a point g left/right of a vertical line through p?” <= Algorithm 2, line 4

b) “Is a point g above, below or on an edge s?” < Algorithm 2, line 5

* This is only tested, when the vertical line through q intersects s.

" For case a) the x-coordinates x, + € y, and x,, + € y, are
compared.

® Because ¢ = 0, compare first only Xq and Xp-
* Ifx; = xp, compare also y, and y,,.
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6.5 Degenerate Cases

" For case b) test, if g is above a line segment s with end-
points (x,,y,) and (x,,y,), where

X1t EY I SXg T EY, =x,+ €Y,
and also x; < x; < x,, because of *.

* If x; < x,, nothing changes, because a shearing preserves the
relations between points and lines.

* Ifx; =x,, wehavey, <y, <y,and q lies exactly on the segment.

» The approach using a symbolical shear is equivalent with
the use of the lexicographic order.
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